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^ ■ Abstract 

^ • In this work we consider the permutational properties of multipartite entanglement monotones. 

CN \ Based on the fact that genuine multipartite entanglement is a property of the entire multi-qubit 

system, we argue that ideal definitions for its characterizing quantities must be permutation- 
O ■ invariant. Using this criterion, we examine the three 4-qubit entanglement monotones introduced 

r^ , by Osterloh and Siewert [Phys. Rev. A. 72, 012337]. By expressing them in terms of quantities 

^ \ whose permutational properties can be easily derived, we find that one of these monotones is not 



o^: 



permutation-invariant. We propose a permutation-invariant entanglement monotone to replace 
it, and show that our new monotone properly measures the genuine 4-qubit entanglement in 4- 



\^ \ qubit cluster-class states. Our results provide some useful insights in understanding multipartite 

Cn ' entanglement. 
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Quantification of quantum entanglement is one of the most important problems in quan- 
tum information theory jj. For pure states of bipartite systems, a good entanglement 
measure is entropy of entanglement 2(]. It measures the entanglement content in a pure bi- 
partite state which can be asymptotically concentrated into the standard form of Bell states, 
using local operations and classical communications (LOCC). For pure states of multi-qubit 
systems, the problem of defining good entanglement measures becomes complicated because 
the qubits in a generic multi-qubit state can be entangled in different ways under asymptotic 

LOCC y. 

Following recent studies on the structures of genuine multipartite entanglement [d, la, l6| , 
researchers have proposed many quantitative measures for different classes of multipartite 
entanglement |7|, |8|, |9|, llO, lul ■ A particular interesting proposal is Osterloh and Siewert [12, 



ISj's N-qubit entanglement monotones (for an N-qubit system) constructed with antilinear 



operators. They have the appealing property of yielding zero for all possible product states, 
and are therefore considered good measures for genuine N-qubit entanglement |l3l. Il4|. 

Despite the recent progress in the study of multipartite entanglement, the important 
issue of permutational properties of its quantitative measures has not received sufficient 
attention. For an N-qubit system, genuine N-qubit entanglement is an overal property 
of the entire system and should not rely on the labeling of the qubits. In other words, 
proper definitions for quantities characterizing genuine multipartite entanglement should 
be permutation-invariant. This is a natural requirement and is obviously satisfied by the 
bipartite entropy of entanglement. However, the permutational properties of most existing 
definitions of multipartite entanglement measures are rather hard to investigate because of 
their mathematical complexity. As an attempt to study the permutational properties of 
multipartite entanglement measures, we analyze Osterloh and Siewert 's 4-qubit entangle- 
ment monotones [12, ll3| and show that one of them is not permutation-invariant. In place 
of it, we propose a monotone which does preserve its value under qubit permutation. We 
show that our monotone properly describes the genuine 4-qubit entanglement in 4-qubit 
cluster-class states and thus is a good alternative to the non-permutation-invariant quantity 
in Osterloh and Siewert 's monotones. 

We start by briefiy introducing Osterloh and Siewert 's 4-qubit entanglement monotones 



for a generic 4-qubit state 



1^) = Yl ^ijkl \l) ® |j) ® \k) ® 10 . (1) 

«j,fc,/=0 



The three entanglement monotones, named filters in 12|, are constructed with antilinear 
operators as follows: 

^l = {cf^Gyayay) • {o^ G yO XO y) • {ff yO" G G y) , (2) 

^2 = {CF^CTyayay) • {ff^ G yG XG y) • [G yG^ d ^-G y) • {(Jyaya (T^ ) , (S) 

• (aVyCr^o-y) • (a-yCTAcr^cTj;) • (cTycr^crVj,), (4) 

where the same index is contracted with the metric g^''^ = diag{ — 1,1,0,1}. Using these 



operators, we can obtain three SLOCC invariants and entanglement monotones [3|, |15| : 
\^i\ = \{{^i))c\' ^ = li 2, 3. Here, a complex conjugation is carried out before the expectation 
is taken. By virtue of the special contraction rules, these monotones have zero values for all 
possible product states and therefore characterize genuine 4-qubit entanglement. 

As shown in [l2|, |^i|'s can be used to classify different 4-qubit entangled states. Whether 
they qualify as proper genuine 4-qubit entanglement measures is an open question, however 
their permutational properties provide an important criterion in resolving this matter. Un- 
fortunately, it is difficult to see |JFj|'s permutational properties directly from their antilinear 
operator definitions given above. To attack this problem, we adopt an indirect strategy by 
expressing iJ-'il's in terms of a set of SL'^{2) algebraic invariants introduced by Luque and 
Thibon [16] whose permutational properties can be easily deduced. 

Considering the fact that many SLOCC invariants can be constructed with the antisym- 
metric tensor e [l7|, we first write |J-i|'s using e and Aijki, the coefficients of a generic 4-qubit 
pure state in Eq. ([1]). This can be done by expressing cr's, the so-called "combs" in the 
definitions of |J^j|'s, in terms of e. The first comb operator, ay, can be directly replaced with 
antisymmetric tensor e because of the relation ay = —ie. The second comb operator, a^j^^a^, 
where the upper and lower indexes are contracted with the metric g^''^ = diag{—l, 1,0, 1}, 
can also be expressed with e. For example, if {ii,i2,i3,u} is contracted under the rules of 
Cfj, • o"'^, then we have (cr^)j^J2fi'Mi'(^t^)j3J4 ^^^ with direct calculations we can check that this 
is equal to ej^jgej^jj + ^1114^1312- Using these relations, we obtain 



1-^1 1 



\To 



\T. 



\^^hjlklll^i2J2k2l2^i3J3k3ls^i4J4kil4Ai5J5k5ls^iejekel6 

^l^il«3^«2i4 + ^iii4^i2i3)^i5i6^jiJ5^J3J4^J2J6^kik2^k3ki,^k4kfi^lil2^l3h^l5l6\y \^) 

\°^iljlklll^i2J2k2l2^i3J3k3l3^i4J4k4l4^i5J5k5l5^i6J6k6l6^i7J7k7l7^i8J8k8l8 

X l^ili3^«2«4 + ^ili4^i2i3)^i5i6^i7i8^jlJ5^J3J4^J2J6^J7J8^kik2^k3kr^ksk6^k4ks^lll2^l3U^kyl7^kl8\^ \^) 

\^^hjlklh^i2J2k2l2^i3J3k3l3^i4J4k4l4\^ili3^i2i4 ' ^hi4^i2i3)^jlJ3^J2J4^kik2^k3k4^lil2^l3h 

^^i5J5k5k^i6J6kele^i7J7k7l7^i8J8k8l8\^i5i7^i6i8 ' ^i5i8^i6i7)^J5J(i^J7J8^k5k7^k(iks^l5k^l7h 

^ ■^igJ9kglg^ilOJiokioho^'i.lljllkiilii^il2J12ki2li2^i9il0^illil2\^J9Jll^jlOJl2 ~r ^jgiw^jlOJUJ^k^kj^k^kg, 



X(^hho^hih 



(7) 



In 



16| . Luque and Thibon introduced a complete and independent set of four SL^{2) 



algebraic invariants, {if, L, M, D^t}, for a 4-qubit system. The permutational properties of 
these invariants are simple and will be derived later. Our aim is to write |jFj|'s with this set 
of invariants, by comparing their antisymmetric tensor expressions. H, a degree-2 invariant 
whose each term involves only two coefficients, can be directly written as 



-n — r^^iijikili^i2J2k2h^ili2^jlJ2^kik2^lll2- 

The three degree-4 invariants L, M, N are given by the determinants of three matrices: 



(8) 



L 



ttQ a^ Og 0,12 
tti as ag ai3 

as ay ail f^is 



,M 



ao ag a2 aio 

ai ag as an 

0,4. ai2 ag ai4 

as ai3 aj ais 



A^ 



ao ai ag ag 

^2 03 Q-io Q-ii 

0-4: 0,5 tll2 ai3 

ciq ay ai4 ais 



(9) 



where a^ = Aijki, r = 8i+4j+2k+l, is another notation of state coefficients. L, M, N have the 
relation L + M + N = 0, thus only two of them are linearly independent. It should be noted 
that H^ cannot be expressed as a linear combination of {L, M, A^}, thus H is independent 
of them. Dxt, the last in the set {H, L, M, Dxt}, is of degree 6. All together, there are 
6 degree-6 invariants Drd, D^y, D^z-, Dyz, Dyt, D^t- These six invariants are constructed with 



methods of classical invariants theory. They satisfy D^t = Dyz,D 



yz} ^xy 



D.,,D^ 



zt 1 ^-^xz 



D 



yt 



Q 



and can be expressed as the determinants of three 3x3 matrices: 



D 



xt 



CloQ.6 — 020-4 5 

ooOm + agOe 

-020.12 ~ O4O10, 



O0O7 ~l~ OiOg — O2O5 — O3O4, 

O0O15 + OgOg + aiOi4 + OyOg 

-O2O13 — O4O11 — 03012 ~ O5O10, 



O1O7 — O3O5, 

O1O15 + O7O9 

-O3O13 — O5O11, 



O8O14 — O10O12, OgOis + O9O14 — O10O13 — O11O12, OgOis — O11O13. 



D 



xy 



O0O3 — O1O2, CLqCLj -\- O3O4 — O2O5 — OiOg, 

OqOh + 03O8 oqOis + O3O12 + O4O11 + 07O8 

— O2O9 — OiOio, — O2O13 — O1O14 — O5O9 — O5O1Q, 



O4O7 — OsOg, 

04015 + 07012 

-06013 — 05014, 



D., 



OgOii — O9O10, OgOis + O11O12 — O10O13 — O9O14, O12O15 — O13O14. 

O0O5 — O1O4, O0O7 + O2O5 — OiOg — O3O4, O2O7 — O3O6, 

OqOis + O5O8 O0O15 + O5O10 + O2O13 + O7O8 O2O15 + O7O10 

— O1O12 — O4O9, — O1O14 — O4O11 — O3O12 — OgOg, — O3O14 — OgOii, 

O8O13 — O9O12, OgOis + O10O13 — O9O14 — O11O12, O10O15 — O11O14. 

DxtiD^y and D^.^ are linearly independent. They have the following relations with 
{H,L,M,N} [lel: HL = D,, - D,t, HM = D^t - D,y, HN = D^y - D^,. Therefore 
only one of {D^t, Dxy, D^z] can be selected to form a complete set of invariant generators 
together with lower-degree invariants H, L, M. Because of the matrix-determinant represen- 
tation of these invariants, we can easily deduce their permutational properties. For instance, 
if we take the expression for L in Eq. iQ and permute the first and third qubit, the el- 
ements in its matrix transforms as follows: 02 <-> 03,03 <-;> 09,06 ^-> 012,07 ^^ 013 and all 
other elements do not change. We see immediately that this gives us — A^ since the new 
matrix obtained after these transformations is just the matrix of N with transposition and 
exchange of two columns. The permutational properties of other three 6-degree invariants 
can be obtained similarly. H is obviously invariant under qubit permutaitons as can be seen 
directly from Eq. ([8]). These results are summaried in Table I. 

All these invariants, {L, M, N, D^t, Dxy, D^z} can be also expressed using anti-symmetric 
tensors. By directly expanding the determinant expressions of {L, M, A^} and observing 
their terms, we obtain the following relations: 



4(iV M) — ^iijikili^i2J2k2l2^i3J3k3h^i4J4k4h 

^ ^ili2^i3i4^jlJ2^J3Ji^klk3^k2k4,^hl4,^l2h ' 



(10) 



qubit permutation 
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M 


N 


G.t 


D., 


^xz 


1 ^2 


H 


-L 


-N 


-M 


^xz 


'-'xy 


D^t 


3^4 


1 ^3 


H 


-N 


-M 


-L 


Gxy 


Gxt 


D., 


2^4 


1^4 


H 


-M 


-L 


-N 


D.t 


^xz 


D., 


2^3 



TABLE I: Transformations of invariants under qubit permutations. 

'±ylvi L/j ^iijikili^i2J2k2h^i3J3k3l3 i4J4k4U 

^^ili2^i3i4^jlJ3^J2J4^kik4^k2k3^lll2^l3l4 1 



(11) 



4(L-N) = Aiiifel^iA: 



2J2k2l2^i3J3k3l3^i4J4k4l 



X eiii2 ^*3*4 ^jli4 ^i2i3 ^fcl k2 ^k^ki ^lil3 e/2/4 • 



(12) 



By simple algebraic manipulations, we can express L, M and A^ in terms of the antisym- 
metric tensor e, 

-^ — 'T^^iljlkih^i2J2k2l2^i3J3k3h^i4J4k4l4 
X £jl J2 ^«3«4 \^jlJ4 ^J2J3 ^ki k2 ^kgki ^hki (-I2I4 
~^jlJ3 ^J2J4 f fcifc4 £fc2fc3 £/i/2 ^^sU J 1 
^W = ~r^^iljlkili^i2J2k2l2^i3J3k3l3^i4J4k4l4 
^^ili2^i3i4\^jlJ3^J2J4^kik4^k2k3^lll2^l3l4 
~^jlJ2^J3J4^kxk3^k2ki^hl4^l2h)^ 



N 



1 n^iljlklll^i2J2k2l2^i3J3k3h^i4J4k4l4 
^^ili2^i3i4\^jlJ2^J3J4^kika^k2k4^lll4(^l2l3 



(13) 



(14) 



— e 



jlJ4^J2J3^kxk2^kzk4^hl3^l2l4} 



(15) 



With the aid of a computer programme, we expand the complicated determinant expressions 
for the degree-6 invariants and find that D^z + D^t + D,j.y can be simply expressed with the 



antisymmetric tensors as follows, 

^^ili2^i3i4^i5if>^jlJ3^J2J4^J5Jf>^kikB^k2kQ^k3k4,^lll2^l3l5^l4l(i- [^^) 

With the relations between H, L, M, N and D^t, Dxy,Dxz, we get, 

H{M -L) = 2Dxt - D,y - D,, 

= 3D,t-{Dx, + D,t + D,,y). (17) 

The antisymmetric tensor expression of D^t is: 



Dxt = ^[{D^z + D,t + D,y) + H{M - L)] 

^ [f il«2 ^«3«4 ^isia ^jlJ3 ^J2J4 ^J5J6 ^^1 ^5 ^^2^6 ^^3^4 ^'1^2 ^'3*5 ^U'e 
'n^ili2^i3i4,^i5i6^jlJ2^J3J5^J4J6^kik2^k-ik,i^k4kB^lll2^l3l4,^l5k\- {^°) 

The antisymmetric tensor expressions of D^y and D^j^ can be similarly obtained. 

Now that we have antisymmetric tensor expressions for both |jFj|'s and {H, L, M, Dxt}, 
we can find the relations between them. By making many trials using a computer program, 
we get 

l^il = 8[4(D,, + D,t + D^y) - H% (19) 

|^2| = 16 [i/' - ^H{2D.,t + D^, + D^y) - 16LM] 

= 16[//^ - m{D,t + D,., + D,,y) - A{HD,t + 4LM)], (20) 



|JS| = 32[4(A^ - M) + H^] X [4(L - A^) + /f^] x [4(Af - L) + i/^] 
= 32{//6 + 16if2[-(M2 + A^2 ^ L^) 

+ {MN + NL + ML)] + 6A{N - M){L - N){M - L)}. (21) 

These nontrivial identities are the key results that allow us to analyze the permutational 

properties of |J^i|'s. From Table [U we see that H, D^t + D^^ + D^y, M^ + N^ + L'^,{N - 
M) [L — N) (M — L) and [MN + NL + ML) are all invariant under permutations of the four 



qubits. Therefore, \Ti\ and IJF3I are both invariant under qubit permutations. However, 
IJF2I is not invariant under qubit permutations because [HDxt + 4LM) in IJF2I is not. This 
imphes that IJF2I cannot be considered a good candidate for genuine 4-qubit entanglement 
measures. 

To address this difficulty, we propose a new permutation-invariant monotone by using the 
following method. Starting with the expression for \J^2\ and making permutations between 
qubits, we can construct two other monotones according to Table HI 

= 16[H' - AH{D,t + D,, + D,y) - A{HD,, + 4LN)], (22) 

= 1Q[H' - AH{D,t + D,, + D,y) - A{HD,y + 4MN)]. (23) 

Since the three monotones IJF2I , IJF4I , IJF5I are obtained by qubit permutations, their sum 
IJF2I is then obviously permutation-invariant: 

I J'al = 16[^H^ - lQH{D^t + D^, + D^y) - 16(MiV + NL + ML)]. (24) 

IJF2I is an entanglement monotone because it is derived from \J^2\i |-^4| and \J-'r^\ which 
are themselves entanglement monotones. It yields zero for all product states, and reaches 
1 for a class of maximally entangled states (see below). Together with the fact that it is 
premutation-invariant, these suggest that jjFgl is potentially a good candidate for genuine 
4-qubit entanglement measure. To see its advantage in characterizing genuine multipartite 
entanglement, we calculate its value in comparison with \J^2\ for three maximally entangled 
4-qubit states 

|$i) = -L(|iiii) + 10000)), 

|<l>2) = ^(V2|llll) + |1000) + |0100) + 10010) + 10001)), 

|$3) = -dllll) + 11100) + 10010) + 10001)), 

and states derived from them by qubit permutations. |$i) , |$2) and |$3) are known to 
be genuine 4-qubit entangled and belong to different entanglement classes. As shown in 
the upper left (3 by 3) corner of Table [TTl for |$i) , |$2) and l^s) , different subsets of 

8 



{\J-'i\ , |J^2| , l-^al} have zero values. Since a state with zero value for one monotone can not 
be transformed into another state with nonzero value for the same monotone under SLOCC 
operations, {J^i^s are therefore a powerful tool in distinguishing these three entanglement 
classes. 

Now we consider the transformations of |<l>i) , |<l'2) ) l^^s) under qubit permutations. It is 
easy to see that states |$i) , |<l'2) are both permutation- invariant. However, we can obtain 
two other 4-qubit maximally entangled states from |$3) by qubit permutation: 

|<l>4) = -(|1111) + 11001) + 10010) + 10100)), 
|<l>5) = -dllll) + 10101) + 11000) + 10010)). 

|$4) , |$5) should have the same genuine 4-qubit entanglement with |$3) since they are 
obtained from |$3) by qubit permutaitons. With local unitary operations, it can be easily 
shown that they all belong to one of the two types of 4-qubit graph states in [18| . However, 
as shown in Table HTl \T2\ has different values for [$3) , [$4) and these two states would be 
characterized as belonging to different entanglement classes should {|jFi| , IJF2I , IJF3I} be used 
to study the entanglement structures of 4-qubit pure states. In contrast, {|J^i| , \T'<^ , \TzW 
yield the same values for |$3) , |<l>4) and \^^ and thus correctly put them in the same 
entanglement class. This is a direct manifestation of the permutation- invariance of \T'2\. 





l-^ll 


1-^21 


l-^sl 


1-^41 


1-^51 


\m 


1^1) 
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1 


3 


1^2) 
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1 


1^4) 
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1^5) 
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1 



TABLE II: Entanglement monotones for the maximally entangled 4-qubit states. 



To further see the value of I ^2!) we calculate the genuine multipartite entanglement for 
4-qubit cluster-class states as an interesting application of our results. This problem has 
been considered in [19|, l20| , where the authors used the principle of quantum complemen- 
tarity relations (QCR) to derive genuine 4-qubit entanglement by subtracting fewer-partite 
entanglement from a qubit 's bipartite entanglement with the rest of the 4-qubit system. 



Though QCR reveals some very intriguing physics, its procedure is rather comphcated and 



it is not easy to even prove that the result given by QCR is a monotone 
on the availability of properly defined fewer-partite entanglement measures 



20|L_ It also relies 



We re-examine the genuine 4-qubit entanglement in cluster-class states using \J^2\- ^"^ 



Ref . [20|] , the authors considered three types of 4-qubit cluster-class states. These states can 
be obtained by local operations starting from the maximally entangled states I'I'i) and |$3) 
(|<l>4) , l^s)). For example, the first type of states, 

iHi) = a |0000) + b |0011) + c |1100) - d |1111) , 

correspond to our |$3) class. This is because of the following transformations under local 
unitary operations: 

|$3) = ^(11111) + 11100) + 10010) + |0001))i234 

a|-(|1110) + IllOl) + 10011) + |0000))i234 

H^®H^ ^{\mm) + lOOll) + 11100) - |llll))i234, (25) 



where H is the Hadamard transformation. Now we calculate the values of IjFgl for llli). 
First, since |J?^i|'s are all entanglement monotones, we have \T2\ = |^4| = according 
to Table II. This can also be deduced by the fact that ad = be since IIIi) and [$3) can 
be converted into each other with finite probabilities through invertible local operations. 
Therefore, \j-''2\ = jJ^sl = 16\ad+ bc\^. Since |jF2| is of degree 8 and the result from QCR is 
of degree 4, we take the square root of \j-'2\ and we find that the result is identical to the 
4-qubit entanglement calculated from QCR which is 4|a(i -|- 6cP. 



The second type of states that the authors considered in [20], 



iHa) = a |0000) - b |0111) - c |1010) + rf |1101) 

correspond to the |$5) class in Table II since they can be obtained from [$5) by local 
opearions similar to Eq. fl25l) . Interestingly, if we calculate the 4-qubit entanglement of |n2) 
by QCR we will need to calculate 3-qubit entanglement first, therefore the calculation is 
nontrivial. When we calculate 1^21' "^^ ^^^ I -^2! = l-^sl = and \j-'2\ = \J-'4,\ = 256\abcd\'^. 
This is exactly the square of the result obtained from QCR. 

10 



Therefore, the 4-qubit genuine entanglement of cluster-class states in [20|] calculated ac- 
cording to QCR coincides with the value obtained with |^2|- Considering that these two 
approaches have no obvious intrinsic connections, this is intriguing and it hints that \j-'2\ 
may indeed be a good genuine 4-qubit entanglement measure. We can also conveniently 
draw some conclusions not so easy to prove in QCR. E.g., the result given by QCR is a 
monotone and permutation-invariant. The advantage of j^Fg] though, is it can be calculated 
directly once a state is given without reference to fewer-partite entanglement. Therefore it 
may find broader applications, especially when the application of QCR is difficult due to the 



difficulty in determining what fewer-partite entanglement expressions should be used |19[ |. 

In conclusion, we studied the permutational properties of multipartite entangle- 
ment monotones by specifically examining the three 4-qubit entanglement monotones 



{|jFi| , IJF2I , IJF3I} introduced by Osterloh and Siewert|12l. [iSj. We find one of these, \J-'2\, 
does not satisfy the natural requirement of permutational invariance for a genuine multi- 
partite entanglement measure and propose an alternative that is permutation- invariant. By 
comparison with results from QCR we find that our new monotone properly measures the 
genuine 4-qubit entanglement in 4-qubit cluster-class states. Our results are intriguing in 
understanding multipartite entanglement. 

Note added: After we finished the preparation of our manuscript, we noticed that the 
relations in Eq. l[IW2U^i21\) were also obtained by D. Z. okovic and A. Osterloh in a recent 



work \2nj . 
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